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Abstract 
The generalized scattering properties of cascaded H-plane discontinuity in a rectangular waveguide operating in X- band using 
Mode Matching Technique (MMT) is obtained from the respective field equations for two different junctions. The S-parameters 
obtained are cascaded to obtain the S-parameters for the whole system. The results obtained using MMT are compared with 
Equivalent circuit approach and 3-Dimensional (3-D) Electromagnetic (EM) simulation software package, Computer Simulation 
Technology Microwave Studio (CST-MWS) and High Frequency Structure Simulator (HFSS) which are based on Finite Integration 
Technique (FIT) and Finite Element Method (FEM) respectively, based on accuracy and simulation time. 
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1. INTRODUCTION 
The waveguide junction plays an important role in the design of networks and integrated circuits at optical, 
microwave and millimetre-wave frequencies and hence it has drawn the attention of numerous researchers over the 
last few decades. The interest in studying the behaviour of such junctions arises from the fact that these disturbances 
affect the function of the components that are connected to the other end of the waveguide junctions.  Examples of 
waveguide junctions are linear tapers, phase shifters, directional couplers, filters etc. These components are 
translationally symmetric along one of two transverse dimensions1. In this paper, H-plane discontinuities presents an 
incident electric field parallel to the unchanged transverse direction are analysed. It is normally used in impedance 
transformers, inductive windows, power divider etc.
Such a junction excited by TEm0 mode generates modes of the same nature2, both propagating and evanescent; 
evanescent modes cannot propagate energy; they store energy and give rise to reflection problems. Also if the 
discontinuities are close to each other higher order modes will be generated; hence a generalized analysis is important. 
The generalized modal scattering matrix relates outgoing TEm0 modes to incoming TEm0 modes. Using Mode 
Matching Technique (MMT) 3, 4, the scattering matrix is obtained by taking into account both propagating and 
evanescent modes.  
There are two approaches in solving electromagnetic problems: experimental and theoretical. The experimental is 
expensive, time consuming. Theoretical methods may be classified as analytical, semi-analytical and numerical. 
Numerical Techniques has the advantage that it can handle a huge variety of problems, independently of the 
complexity in their geometry, which is the weak point of analytical methods.  
In this paper, the MMT is compared with Equivalent circuit approach5 and with HFSS that uses Finite Element 
Method (FEM) and CST-MWS which is based on Finite Integration Technique (FIT). For problems with irregular
geometries, the numerical methods require a lot of computer memory and CPU time. There is however some useful 
subclasses of problems where the variations of the field are known in one coordinate direction. Then numerical 
analysis can be done in two dimensions (H-plane and E-plane), which requires less memory and CPU time.  
Mode Matching Technique is faster and more accurate than the typical numerical solution techniques like HFSS 
and CST MWS. The S-parameters obtained using MMT are compared with that of the numerical techniques in terms 
of time and accuracy. It was found that MMT is much accurate and the simulation time is much less than the 3D 
numerical simulation techniques. 
2. THEORY 
2.1.  Mathematical Formulation of Mode Matching Technique 
Waveguide structures with longitudinal discontinuities are involved in many applications. Analysis of the 
waveguide discontinuities is of great importance. A powerful approach is the mode matching technique (MMT) with 
which the fields are described by a superposition of waveguide modes, and then the boundary conditions that the 
tangential fields in the cross-section of the waveguide structure must be continuous are imposed at the interface 
between different waveguide sections. In the MMT, the structure under consideration is subdivided into simpler 
substructures whose modes (Eigen functions) are known or can be determined. Unknown electric and magnetic fields 
are approximated by a sum of Eigen modes with unknown coefficients. When these functions are orthonormal, they 
are referred to as the normal modes. The series expansion satisfies all the boundary conditions of the problem except 
for those at the interfaces between adjacent sub regions. Unknown expansion coefficients are then determined from 
the boundary conditions at the interfaces. 
The method is most efficient when the modes of each sub region are known analytically. When the normal modes 
are not known, a numerical technique is first used to determine these and then the MMT can be applied. The MMT is 
also useful in solving the corresponding Eigen value problem when the sub region can itself be divided into sub regions 
whose normal modes are known. When the MMT is used to solve Eigen value problems, the method is referred to as 
the Field Matching Technique. When combined with the Generalized Scattering Matrix Technique (GSMT), the MMT 
becomes a powerful tool for analysing many composite waveguide structures.  
In this approach, the generalized scattering matrices of the individual discontinuities are determined separately 
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and then cascaded to obtain the generalized scattering matrix of the entire structure. The main advantage of the MMT 
in conjunction with the GSMT is its ability to include the effect of higher order modes interactions between 
discontinuities. It is crucial especially when discontinuities are closely spaced in terms of electrical length since these 
interactions via higher order modes cannot be neglected even if these modes are evanescent. The formulation of the 
MMT which will be presented in the following section relies on the generalized scattering matrix6. 
Fig. 1 Cross sectional view of cascaded H-plane discontinuity in rectangular waveguide (a1=20.86mm, a2=21.86mm, a3=22.86mm, b=10.16 mm, 
d=0.5mm, L=30mm) 
The geometry of the cascaded H-plane discontinuity shown in Fig. 1 is chosen to illustrate the basic steps of the 
MMT. First this structure is analysed taking only one step of discontinuity and calculates S-parameters and then 
cascading is performed to obtain the S-parameter for the whole system. The waveguide walls are assumed to be 
perfectly conducting and they are filled with a lossless, isotropic and homogeneous medium. 
ଵ ൌ Width of the waveguide of region I 
ଶ ൌ Width of the waveguide of region II 
ଷୀ Width of the waveguide of region III 
b= Height of the H-plane discontinuity 
L= length of region II 
In the cascaded H-plane discontinuity6, shown in Fig. 1, the field components appearing at the discontinuity are 
Ey, Hx and Hz. The field components tangential to the discontinuity plane are expanded in region I as, 
୷୍ሺǡ ሻ ൌ σ 
୫୍ ሺ୫஠ሺ୶ିୢሻୟభ ሻሺ	୫୍
ି୨୩౅ౣ ୸ ൅ ୫୍୨୩౅ౣ ୸ሻ୑୫ୀଵ                (1) 
୶୍ሺǡ ሻ ൌ െσ 
୫୍୫୍ ሺ୫஠ሺ୶ିୢሻୟభ ሻሺ	୫୍
ି୨୩౅ౣ ୸ െ ୫୍୨୩౅ౣ ୸ሻ୑୫ୀଵ               (2) 
Where propagation constants ୫୍ and wave admittances ୫୍ are given by 
୫୍ ൌ ൅ටɘଶɊ଴ɂ଴ െ ቀ୫஠ୟభ ቁ
ଶ
   ,       propagating mode                (3) 
ൌ െටቀ୫஠ୟభ ቁ
ଶ െ ɘଶɊ଴ɂ଴   ,   evanescent mode                (4) 
୫୍ ൌ ୩
౅ౣ
னஜబ                    (5) 
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In region II, the fields are given by 
୷୍୍ ሺǡ ሻ ൌ σ 
୬୍୍ ሺ୬஠୶ୟమ ሻሺ	୬୍୍ 
ି୨୩౤౅౅୸ ൅ ୬୍୍ ୨୩౤౅౅୸ሻ୒୬ୀଵ                 (6) 
୶୍୍ ሺǡ ሻ ൌ െσ 
୬୍୍୬୍୍ ሺ୬஠୶ୟమ ሻሺ	୬୍୍ 
ି୨୩౤౅౅୸ െ ୬୍୍ ୨୩౤౅౅୸ሻ୒୬ୀଵ                 (7) 
Where           ୬୍୍ ൌ ൅ටɘଶɊ଴ɂ଴ െ ቀ୬஠ୟమቁ
ଶ
 ,   propagating mode               (8) 
       ൌ െටቀ୬஠ୟమቁ
ଶ െ ɘଶɊ଴ɂ଴,    evanescent mode                      (9)  
୬୍୍ ൌ ୩౤
౅౅
னஜబ                 (10) 
Boundary conditions: The tangential electric field over the metallic part of discontinuity vanishes and the tangential 
electric and magnetic fields over the aperture are continuous, i.e., 
୷୍ሺǡ  ൌ Ͳሻ ൌ ͲǡͲ ൑  ൑ ሺଵ ൅ ሻ ൑  ൑ ଶ           (11) 
୷୍ሺǡ  ൌ Ͳሻ ൌ ୷୍୍ ሺǡ  ൌ Ͳሻǡ ൑  ൑  ሺଵ ൅ ሻ             (12) 
୶୍ሺǡ  ൌ Ͳሻ ൌ ୶୍୍ ሺǡ  ൌ Ͳሻǡ ൑  ൑  ሺଵ ൅ ሻ              (13) 
For simplicity, the average power that each mode can carry is limited to a maximum of 1W in magnitude. Hence, 
for a given maximum wave amplitude of 	୫୍ =1W and ୫୍ =0, the average power is normalized so that the 
normalization coefficient obtained as,  

୫୍ ൌ ʹට னஜబୟభୠ୩౅ౣ                   (14) 
Note that the same normalization applies for the backward travelling wave ୫୍=1W and 	୫୍=0 as well as for region 
II.  From this we can get the normalization coefficients as, 

୬୍୍ ൌ ʹට னஜబୟమୠ୩౤౅౅                  (15) 
Applying the orthogonality principle and solving (1), (2), (3) and (4) using (12) and (13), we get,  
୷ǣ	୬୍୍ ൅ ୬୍୍ ൌ σ ሺ୉ሻ୬ǡ୫ሾ	୫୍ ൅ ୫୍ሿ୑୫ୀଵ                      (16) 
୶ǣ	୫୍ െ ୫୍ ൌ σ ሺୌሻ୫ǡ୬ሾ	୬୍୍ െ ୬୍୍ ሿ୒୬ୀଵ                      (17) 
Where,   ሺ୉ሻ୬ǡ୫ ൌ ʹ ൈ ට ୩౤
౅౅
ୟమୟభ୩౅ౣ ൈ׬ ሺ
୫஠ሺ୶ିୢሻ
ୟభ ሻ
ୟభାୢ
ୢ ሺ
୬஠୶
ୟమ ሻ             (18) 
ሺୌሻ୫ǡ୬ ൌ ʹ ൈ ට ୩౤
౅౅
ୟమୟభ୩౅ౣ ൈ ׬ ሺ
୫஠ሺ୶ିୢሻ
ୟభ ሻ
ୟభାୢ
ୢ ሺ
୬஠୶
ୟమ ሻ              (19) 
Or, in notation of vectors and matrices, 
	୍୍ ൅ ୍୍ ൌ  ୉ሺ	୍ ൅ ୍ሻ                       (20) 
	୍ െ ୍ ൌ  ୌሺ	୍୍ െ ୍୍ሻ                       (21) 
In general, the scattering matrix expresses scattered waves as a function of incident waves. Therefore, the 
scattering matrix for the junction 1 in cascaded H-plane discontinuity of Fig. 1 can be characterized by  
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൤୍	୍୍൨ ൌ ቈ
ଵଵ୍ ଵଶ୍
ଶଵ୍ ଶଶ୍
቉ ൤ 	୍୍୍൨                       (22) 
୍ ൌ ଵଵ୍ 	୍ ൅ ଵଶ୍ ୍୍                         (23) 
	୍୍ ൌ ଶଵ୍ 	୍ ൅ ଶଶ୍ ୍୍                         (24) 
Where the scattering parameters are sub matrices, after calculation S-parameters for junction 1  
ଵଵ୍ ൌ  ሾ ൅ ୉ୌሿିଵሾ െ ୉ୌሿ                      (25) 
ଵଶ୍ ൌ ʹ ൈ ሾ ൅ ୉ୌሿିଵୌ                      (26) 
ଶଵ୍ ൌ ʹ ൈ ሾ ൅ ୉ୌሿିଵ୉                      (27) 
ଶଶ୍ ൌ  ሾ୉ୌ ൅ ሿିଵሾ୉ୌ െ ሿ                      (28) 
Similarly for the junction 2 in cascaded H-plane discontinuity of Fig. 1 can be characterized by  
൤୍୍୐	୍୍୍ ൨ ൌ ቈ
ଵଵ୍୍ ଵଶ୍୍
ଶଵ୍୍ ଶଶ୍୍
቉ ൤	୍୍୐୍୍୍൨                       (29) 
୍୍୐ ൌ ଵଵ୍୍ 	୍୍୐ ൅ ଵଶ୍୍ ୍୍୍                        (30) 
	୍୍୍ ൌ ଶଵ୍୍ 	୍୍୐ ൅ ଶଶ୍୍ ୍୍୍                         (31) 
Where 	୍୍୐ ൌ 	୍୍                         (32) 
୍୍ ൌ ୍୍୐                         (33) 
And        ൌ ሺି୨୩౤౅౅୐)                                (34) 
Where the scattering parameters are sub matrices, after calculation S-parameters for junction 2 
ଵଵ୍୍ ൌ  ሾ ൅ ୉ୌሿିଵሾ െ ୉ୌሿ                       (35) 
ଵଶ୍୍ ൌ ʹ ൈ ሾ ൅ ୉ୌሿିଵୌ                       (36) 
ଶଵ୍୍ ൌ ʹ ൈ ሾ ൅ ୉ୌሿିଵ୉                              (37) 
ଶଶ୍୍ ൌ  ሾ୉ୌ ൅ ሿିଵሾ୉ୌ െ ሿ                       (38) 
For the whole system of Fig.1 can be characterized by  
൤ ୍	୍୍୍൨ ൌ ൤
ଵܵଵ ଵܵଶ
ܵଶଵ ܵଶଶ൨ ൤
	୍
୍୍୍൨                               (39) 
୍ ൌ ଵଵ	୍ ൅ ଵଶ୍୍୍                         (40) 
	୍୍୍ ൌ ଶଵ	୍ ൅ ଶଶ୍୍୍                         (41) 
After substituting equations (23), (24), (30) and (31) to equations (40) and (41) we get S-parameters for the whole 
cascaded H-plane discontinuity4 as 
ଵଵ ൌ ଵଵ୍ ൅ ଵଵ୍୍ ଵଶ୍ ଶଵ୍ ି୨ଶ୩౤౅౅୐ቀ െ ଵଵ୍୍ ଶଶ୍ ି୨ଶ୩೙౅౅୐ቁ
ିଵ
                   (42) 
ଵଶ ൌ ଵଶ୍ ଵଶ୍୍ ି୨୩೙౅౅୐ቀ െ ଵଵ୍୍ ଶଶ୍ ି୨ଶ୩೙౅౅୐ቁ
ିଵ
                       (43) 
ଶଵ ൌ ଶଵ୍ ଶଵ୍୍ ି୨୩౤౅౅୐ቀ െ ଵଵ୍୍ ଶଶ୍ ି୨ଶ୩೙౅౅୐ቁ
ିଵ
                       (44) 
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ଶଶ ൌ ଶଶ୍୍ ൅ ଶଶ୍ ଵଶ୍୍ ଶଵ୍୍ ି୨ଶ୩೙౅౅୐ቀ െ ଵଵ୍୍ ଶଶ୍ ି୨ଶ୩೙౅౅୐ቁ
ିଵ
                   (45) 
And hence VSWR can be calculated as, 
 ൌ  ሺͳ ൅ ȁଵଵȁሻ ሺͳ െ ȁଵଵȁሻ൘                        (46) 
2.2. Equivalent Circuit Approach 
The equivalent circuit approach7 is established from
Fig. 2 Equivalent Circuit of cascaded H-plane discontinuity in a rectangular waveguide 
The normalized reactance of a H-Plane discontinuity is given as, taking ܽ ൌ ܽଶ and ܽᇱ ൌ ܽଵ  
୞బ
ଡ଼ ൎ
ɉ
ʹ
Ⱦʹሺͳ൅ȾሻʹȾ
ͳെȾʹ
ቆͳ െ ʹ͹ͺ
൅Ԣ
ͳ൅ͺʹȾ
ቇ Ǣ 	Ⱦ ا ͳ                      (47) 
Ⱦ ൌ ͳ െ ȽȽ ൌ ୟᇲୟ   
 ൌ ͳ െ ටͳ െ ቀଶୟଷ஛ቁ
ଶ
                         (48) 
ᇱ ൌ ͳ െ ටͳ െ ቀଶୟᇲଷ஛ ቁ
ଶ
                             (49) 
ɉ୥ ൌ Guided wavelength 
ɉ ൌ Wavelength at operating frequency (=10GHz) 
 ൌ Width of the smaller waveguide region 
ᇱ ൌ Width of the larger waveguide region 
VSWR computation formula for cascaded H-plane discontinuity of Fig. 2 
୬ିଶ ൌ ଴ଷ ൅ ଶ଴ଷ                  (50) 
୬ିଵ ൌ ଴ଶ ቀଢ଼౤షమା୨ଢ଼బమ ୲ୟ୬ሺ஘ሻଢ଼బమା୨ଢ଼౤షమ ୲ୟ୬ሺ஘ሻቁ                 (51) 
୬ ൌ ୬ିଵ ൅ ଵ୬ିଵ                  (52) 
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ଵ= Susceptance at junction 1 and can be derived from normalized reactance 
ଶ= Susceptance at junction 2 and can be derived from normalized reactance 
଴ଵ ൌ ͳ ଴ଵൗ ൌ Characteristic Impedance of step 1 of Fig.2 
଴ଶ ൌ ͳ ଴ଶൗ ൌ Characteristic Impedance of step 2 of Fig.2 
଴ଷ ൌ ͳ ଴ଷൗ ൌ Characteristic Impedance of step 3 of Fig.2 
Ʌ ൌ  כ ǡ where Beta is the propagation constant 
The reflection coefficient8 can be determined as 
ȁȞȁ ൌ ቚଢ଼౤ିଢ଼బభଢ଼౤ାଢ଼బభቚ                   (53) 
 ൌ ଵାȁ୻ȁଵିȁ୻ȁ                   (54) 
2.3. HFSS and MWS CST 
Many efficient numerical methods like Finite integration technique and Finite element method are used for solving 
the electromagnetic problems. The H- plane discontinuities are   modelled using CST MWS, which is very user 
friendly 3-D software for designing and simulation of variety of EM structures. After modelling the structure in MWS, 
proper boundary conditions are applied and the complete structure is simulated using the time domain solver. The 
entire structure is meshed using very small meshes and simulated by solving Maxwell’s equations at different mesh 
points. Also the structure is modelled in 3D Software package, HFSS with proper boundary condition and optimum 
meshing. The results obtained from CST MWS and HFSS are compared with that of MMT in terms of simulation 
time and accuracy. 
3. RESULTS AND DISCUSSIONS 
The transmission characteristics and VSWR of cascaded H-plane discontinuity in rectangular waveguide obtained 
from MMT, CST-MWS and HFSS are plotted. Fig. 3 gives the transmission characteristics and Fig. 4 gives the VSWR 
characteristics of cascaded H-plane discontinuity in rectangular waveguide. The results obtained from MMT were 
achieved using ten modes on both sides of the regions to obtain a good relative convergence. 
Fig. 3 Transmission characteristics of cascaded H-Plane discontinuity in rectangular waveguide using different methods 
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Fig. 4 VSWR of cascaded H-Plane discontinuity in rectangular waveguide using different methods. 
4. CONCLUSION 
An accurate analysis for computing the transmission characteristics and VSWR of cascaded H-plane discontinuity 
in a rectangular waveguide has been presented based on Mode Matching Technique. It can be seen from figures that 
the results of four methods match very closely. The results obtained using Mode Matching Technique is compared 
with the Equivalent circuit approach and the 3-D software HFSS and CST MWS. A comparison of CPU time taken 
for the different methods (computation time for MMT, HFSS and CST are 10sec, 65sec and180sec respectively) for 
achieving same accuracy in the computation of transmission characteristics and VSWR of the structure has been 
presented. The Mode Matching technique reported in this paper is very efficient in computing the transmission 
characteristics and VSWR of cascaded H-Plane discontinuity in rectangular waveguide. 
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